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Abstract
Fundamentals of the local smooth loops due to Sabinin are con-
cisely outlined together with the corresponding infinitesimal objects,
so-called ν-hyperalgebras, and the analogue of the Lie groups the-
ory. We apply here this theory to to formulation of a new concept of
loop of boosts. A quaternionic model of the three-parametric loop of
boosts is obtained and a remarkable connection with geodesic loops
of Lobachevskii space is found. A description of Thomas precession
in the light of general theory of smooth loops is given.
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1 Introduction
In this article we discuss the problem of special Lorentz transformations (hy-
perbolic rotations or boosts) and Thomas precession in the light of general
theory of smooth loop, see Sabinin (1972a,b, 1977, 1981, 1985, 1988, 1990,
1991, 1994). This theory is a direct generalization of the Lie groups theory
and it proved to be effective in applications to Mathematical Physics. There
is a lot of areas where this theory has good promises, among of them Spe-
cial and General Relativity, Quantum Theory and Renormgroup Theory, see
Nesterov (1989,1990), Kuusk et al (1994).
The paper is 0rganized ed as following.
In Sec. 2 fundemantals of the local smooth loops theory are given, the
corresponding infinitisemal objects (so-called ν-hyperalgebras) introduced
and an analogue of Lie groups theory is outlined.
In Sec. 3 the three-parametric loop of boosts is introduced, the theory
of smooth loops is used for its description and remarkable connections with
geodesic loops of Lobachevskii space are traced.
In Sec. 4 we are treating the Thomas precession from the point of view of
smooth loops theory. Relevant loop QH(2) and its properties are considered.
In Sec. 5 concluding remarks are given.
2 Smooth loops
General results on the subject can be extract from Belousov (1967), Sabinin
(1972a,b, 1977, 1981, 1985, 1988, 1990, 1991, 1994). A quasigroup is a
groupoid 〈Q,>〉 in which equations a > x = b, y > a = b have the unique
solutions: x = a \ b, y = b/a. A loop is a quasigroup with a two-sided
identity a > e = e > a = a, ∀a ∈ Q. A loop 〈Q,>, e〉 with a smooth functions
ϕ(a, b) := a > b is called the smooth loop. Let 〈Q,>, e〉 be a smooth local
loop with a neutral element e. Q being a manifold, dim Q = n. We define
Lab = a > b = Rba, l(a,b) = L
−1
a>b ◦ La ◦ Lb, (1)
where La is a left translation, Rb is a right translation and l(a,b) is an
associator.
It is known that the infinitesimal theory of Lie groups arises from the
2
associativity of operation >
a > (b > c) = (a > b) > c.
For the smooth quasigroups we have the modified law of associativity (quasi-
associativity)
a > (b > c) = (a > b) > l(a,b)c. (2)
We will show below that the identity (2) leads to the infinitesimal theory of
smooth loops (Sabinin 1988, 1991).
Definition 2.1: The vector fields Aα (α = 1, . . . , n) defined on Q are
called the left fundamental vector fields of a local loop 〈Q,>, e〉 if
Aα(x) = A
β
α(x)
∂
∂xβ
, (3)
where
Aβα(x) = [(Lx)∗e]
β
α =
[
∂(x > y)β
∂yα
]
y=e
,
{xα} being coordinates on Q.
Analogously on can introduce the right fundamental vector fields.
Obviously, A1, . . . , An are linearly independent at any point.
Definition 2.2: The differential 1-forms ωα (α = 1, . . . , n) of the base
dual to Aα (α = 1, . . . , n) are called the left fundamental 1-forms of a
loop Q.
Definition 2.3: We define a quasialgebra q on Q as the vector space
spanned by left fundamental vector fields of Q with the Lie commutator as
operation.
Evidently,
[Aα, Aβ](x) = C
γ
αβ(x)Aγ(x). (4)
Theorem 2.1: (Sabinin (1988, 1991)). Let 〈Q,>, e〉 be a local loop. Then
ϕα = (a > x)α and l˜κτ =
[
(l(a,x))∗,e
]κ
τ
= l˜κτ (a, x) (see (1)) are the solutions of
the system of differential equations
∂ϕα
∂xµ
= Aαγ (ϕ)l˜
γ
σB
σ
µ(x),
Aσν (x)
∂l˜κµ
∂xσ
−Aσµ(x)
∂l˜κν
∂xσ
= Cσνµ(x)l˜
κ
σ − Cκτλ(ϕ)l˜τν l˜λµ (5)
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with initial conditions ϕα|e = aα, l˜κτ
∣∣∣
e
= δκτ (ϕ
α(a, e) = aα, l˜γτ (a, e) =
δκτ ). Functions A
α
γ (x) are supposed to be given and satisfy the conditions
Aαγ (x)(e) = δ
α
γ ; B
σ
µ(x) is the inverse matrix for A
α
β(x) and C
σ
νµ(x) are ex-
pressed through Aαβ(x) by formula (4).
Remark 2.1: One might exclude l˜κν from (5) and obtain the system of
second order in unknowns ϕα.
Remark 2.2: A solution of (5) is nonunique, there are some arbitrariness,
which will be seen further.
Let us introduce Exp :TeQ → Q by ξ → ϕ(1, ξ), where ϕ(t, ξ) is the
solution of the differential equation
dϕα(t, ξ)
dt
= Aαβ(ϕ(t, ξ))ξ
β, ϕα(0, ξ) = eα, Aαβ(e) = δ
α
β (6)
Here Aαβ(x) is supposed to be given. Due to the theorem of existance and
uniqueness of solution it is easily verified that ϕ(t, ξ) = ϕ(1, tξ)
def
= Exp(tξ).
It is easy to see that (Exp)∗,0 =Id, what means that Exp
−1 locally exists.
Remark 2.3: Taking into account that our construction depends on the
fields [Aα(a)]
β = Aβα(a), we should write Exp(tξ, A1, . . . , An) instead of
Exp(tξ), but we shall do it in the case of misunderstanding only.
Now let us define in a neighbourhood of e operations of a vector space,
Sabinin (1988, 1991)
x+ y = Exp(Exp−1x+Exp−1y), tx = Exp(tExp−1x) (t ∈ R; x, y ∈ Q).
(7)
It is obvious that
d(tb)α
dt
= Aαβ(tb)(Exp
−1b)β . (8)
The operations ωt : x→ tx can be added to an initial loop 〈Q,>, e〉 and we
obtain the structure of a canonical preodule of a given smooth loop.
All operations defined in (7) can be added to an initial loop and we get the
canonical prediodule of a given smooth loop.
Remark 2.4: The structure of any smooth odule (diodule), Sabinin (1981,
1990, 1991), coincides with the canonical structure of its preodule (predio-
dule). Indeed, differentiating the identity of monoassociativity of an odule:
tb>ub = (t+u)b, by u at u = 0, we see that tb satisfies (13) with ξ = Exp−1b.
Analogously, t(x+ y) = tx+ ty implies that after differentiating by t
Aαβ(t(x+ y))(Exp
−1(x+ y))β = Aαβ(tx)(Exp
−1x)β +Aαβ(ty)(Exp
−1y)β. (9)
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And at t = 0 we have Exp−1(x + y) = Exp−1x + Exp−1y. Thus, x + y =
Exp(Exp−1x+ Exp−1y)).
One may now introduce (locally) for a smooth loop so called normal
coordinates b → ((Exp−1b)1, . . . , (Exp−1b)n). In such a coordinates bα =
(Exp−1b)α (α = 1, . . . , n).
Definition 2.4: (Sabinin (1988, 1991). Let V be a vector space over R
(dimV = n), d(ξ, η) be a continious binary operation on V , d(ξ, ξ) = 0,
admitting the representation d(ξ, η) = [dγαβ(ξ)ξ
αηβ]eγ in an arbitrary base
e1, . . . , en. We say in the case, that V is an hyperalgebra. If on V ,
additionally, a continuous binary operation ν(η, ξ), admitting representa-
tion ν(η, ξ) = ναβ (η, ξ)ξ
α in an arbitrary base e1, . . . , en with the proper-
ties ν(0, ξ) = ξ, ναβ (η, 0)ξ
β = ξα is given, then we say that V is a ν–
hyperalgebra (a hyperalgebra with a multioperator ν).
Evidently that any smooth loop Q with the neutral e generates a ν-
hyperalgebra on Te(Q) with the operations d(ξ, η) = C
γ
αβ(Expξ)ξ
αηβeγ ,
ν(η, ξ) = l˜αβ (Expη,Expξ)ξ
βeα (where eα = (∂α)e). Such a ν–hyperalgebra is
called the tangent ν–hyperalgebra of a loop 〈Q,>, e〉 (see Sabinin (1988,
1991)).
Let us consider the system
dϕα
dt
= Aαβ(ϕ)ν
β(Exp−1a, tExp−1b)t−1,
where
Aαβ(e) = δ
α
β , ν
β(ζ, η) = νβγ (ζ, η)η
γ,
νβ(0, η) = η, νβγ (ζ, 0) = δ
β
γ , ξ, η ∈ Te(Q)


(10)
with the initial conditions ϕα|t=0 = aα. Here Expη = Exp(η, A1, . . . , An),
tb = Exp(tExp−1b) are defined by given Aiβ(x). The functions ν
β are also
given. Note, that representation νβ(ξ, η) through νβα(ξ, η) is nonunique (it is
possible that νβ(ξ, η) = νβγ (ξ, η)η
γ = ν¯βγ (ξ, η)η
γ).
Theorem 2.2: (Sabinin (1988, 1991)). Let a smooth local loop 〈Q,>, e〉
together with its canonical operations be given. Then ϕ(a, b, t) = a > tb is a
solution of the equation (10), where
Aαβ(a) =
[
(La)∗,e
]α
β
, νβ(ξ, η) = l˜βγ (ξ, η)η
γ (11)
Proof: Differentiating (a > tb)α by t as the composition of functions and
using (5) from Theorem 2.1 and (10) we get our assertion.
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Theorem 2.3: (Sabinin (1988, 1991)). A solution ϕi(a, b, t) of the equa-
tion (10) defines a local loop a > b = ϕ(a, b, 1) with the neutrul e and its
canonical unary operations tb = ϕ(e, b, t). Moreover, ϕ(a, b, t) = a > tb.
Let us introduce, Sabinin (1988, 1991)
A˜σα(x) = A
λ
α(x)
∂(Exp−1x)σ
∂xλ
. (12)
Using (4) we have
A˜σα(x)
∂A˜γβ(x)
∂(Exp−1x)σ
− A˜σβ(x)
∂A˜γα(x)
∂(Exp−1b)σ
= Cσαβ(x)A˜
γ
σ(x). (13)
Setting here x = tb and contracting it with (Exp−1b)α we get, taking into
account (6),
dA˜γβ(tb)
dt
− A˜σβ(tb)t−1[δγδ − A˜γσ(tb)] = [Cσαβ(tb)(Exp−1b)α]A˜γσ(tb). (14)
At the right hand side this equation has a singularity at t = 0 , which does
not allow us to use the theorem of existence and uniqueness. Therefore,
equivalently, we write an equation with matrix inverse to A˜γβ(x) :
B˜λµ(x) = B
λ
ν (x)
∂xν
∂(Exp−1x)µ
. (15)
After evident calculations such an equation has the form
d[tB˜λµ(tb)]
dt
= δλµ − [Cσαµ(tb)(Exp−1b)α][tB˜λσ(tb)]. (16)
Thus, having solved the equation
dψλµ
dt
= δλµ − Cσαµ(tb)(Exp−1b)αψλσ , ψλσ
∣∣∣
t=0
= 0, (17)
we get
B˜αµ (b) = ψ
α
µ(1, b). (18)
Note, that λψασ (t, λb) = ψ
α
σ (λt, b), being solutions of the same equation co-
inciding at t = 0. Thus, at t = 0 we receive ψασ (λ, b) = λψ
α
σ (1, λb) and the
solution takes the required form.
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In such a way we can reconstruct B˜αµ (x) and, consequently, A˜
α
µ(x) and
Aαµ(x) by means of
dσµ(ξ) = C
σ
αµ(Expξ)ξ
α. (19)
In virtue of Cσαµ = −Cσµα it is evident, that
dσµ(ξ)ξ
µ = 0. (20)
As for the rest, dσµ(ξ) is an arbitrary function of the form
dσµ(ξ) = d
σ
αµ(ξ)ξ
α. (21)
(The representation of dσµ(ξ) in such a view is not unique, generally speaking.)
Having given an arbitrary dσµ satisfying (20) and (21), let us take invertible
Exp arbitrarily . Let us introduce t¯b = Exp(tExp−1b) and solve the equa-
tion
dψλµ
dt
= δλµ − t−1dσµ(Exp−1t¯b)ψλσ , ψλσ
∣∣∣
t=0
= 0. (22)
We get B˜αβ (t¯b) = t
−1ψαβ (t, b) and A˜
α
β(t¯b) (as an inverse matrix). Further,
using (13)–(17) we get
Cσαµ(b)(Exp
−1b)α = dσµ(Exp
−1b). (23)
And dσµ has a prescribed meaning, that is by means of arbitrary d
σ
µ we
have reconstructed in the unique manner A˜αβ and , consequently , A
α
β(x)
for which (23) is valid. The property (21) implies t¯b = tb. Indeed, con-
tracting (22) with (Exp−1b)µ we get d[tB˜λµ(t¯b)(Exp
−1b)µ]/dt = (Exp−1b)λ
whence B˜λµ(t¯b)(Exp
−1b)µ = (Exp−1b)λ, or
Bλν (t¯b)
∂(t¯b)ν
∂(Exp−1t¯b)µ
(Exp−1b)µ = (Exp−1b)λ,
or
Bλν (t¯b)
∂(t¯b)ν
∂Exp−1(t¯b)µ
d(Exp−1t¯b)µ
dt
= (Exp−1b)λ (24)
(we have used t¯ = ExptExp−1, or Exp−1t¯b = tExp−1b). Finally, d(t¯b)ν/dt =
Aνλ(t¯b)(Exp
−1b)λ tb|t=0 = e), which means t¯b = tb. Since dσ(ξ, η) =
dσµ(ξ)η
µ we have
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Theorem 2.4: (Sabinin (1988, 1991)). Any ν–hyperalgebra V with an
operation d uniquely defines a smooth loop 〈Q,>, e〉 with the tangent ν–
hyperalgebra isomorphic to initially given.
It is easy, also, to prove the following.
Theorem 2.5: (Sabinin (1988, 1991)). Any morphism of smooth loops
induces a morphism of corresponding ν–hyperalgebras and vice versa.
Remark 2.5: If operations ν, d are analytic, then expanding them into
series one can introduce a countable system of multilinear operations (with
identities), which is equivalent to initial ν– hyperalgebra (of course, some
conditions of convergence are needed).
Theorem 2.6: (Sabinin (1988, 1991)). A smooth loop is rightmonoal-
ternative (that is (x > ty) > uy = x > (t + u)y)if and only if for its tangent
ν–hyperalgebra ν(η, ξ) = ξ is valid (equivalently, ν(η, ξ) is linear in ξ).
Theorem 2.7: (Sabinin (1988, 1991). If the tangent ν–hyperalgebra of a
smooth loop is a Lie algebra, (that is an operation ξ>η = d(ξ, η) are bilinear,
ξ > ξ = 0, ξ > (η > ζ) + ζ > (ξ > η) + η > (ζ > ξ) = 0)
and this loop is rightmonoalternative (equivalently , ν(η, ξ) = ξ) then our loop
is a Lie group. Converse is also true, since any Lie group is rightmonoalter-
native.
Note, that by definition a loop is monoalternative if it is right and left
monoaltenative, that is (x> ty)>uy = x> (t+u)y, tx> (ux>)y = (t+u)x.
In particular this is the case of smooth Moufang loops, Belousov (1967),
Sabinin (1985, 1990).
The following result is valid.
Theorem 2.8: (Sabinin (1988, 1991)).A local smooth monoalternative
loop is defined in the unique manner by its tangent bilinear algebra.
3 Quaternions and smooth loops
A quaternionic algebra over a field F is a set
H = {α+ βi+ γj + δk | α, β, γ, δ ∈ F}
with multiplication operation defined by the property of bilinearity and fol-
lowing rules for i, j, k
i2 = j2 = k2 = −1, jk = −kj = i, ki = −ik = j, ij = −ji = k. (25)
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We consider a quaternionic algebra over complex field C(1, i)
HC = {α + βi+ γj + δk | α, β, γ, δ ∈ C}.
The quaternionic conjugation (denoted by +) is defined by
q+ = α− βi− γj − δk. (26)
for q = α + βi+ γj + δk. This definition implies
(qp)+ = p+q+, p, q ∈ HC. (27)
For real quaternions q ∈ HR:
q = α + βi+ γj + δk; α, β, γ, δ ∈ R, (28)
we define the norm ‖q‖2 setting
‖qr‖2 = qq+ = α2 + β2 + γ2 + δ2. (29)
Let us consider a set of unit quaternions HI :
HI = {q = α+ i(βi+ γj + δk) : ‖q‖2 = 1, i2 = −1, i ∈ C; α, β, γ, δ ∈ R},
(30)
where the norm ‖q‖2 is given by
‖q‖2 = qq+ = α2 − β2 − γ2 − δ2. (31)
It is easy to see that for p, q ∈ HI the product pq 6∈ HI . It means that
the set HI is not closed with respect to the multiplication of quaternions. We
introduce a new operation ⊛ such one that p ⊛ q ∈ HI . This new operation
is defined by
p ⊛ q = pql+, (32)
where p, q ∈ HI , l ∈ HR : ‖p‖2 = ‖q‖2 = ‖l‖2 = 1. It leads to ‖p ⊛ q‖2 = 1
as well. Requiring p ⊛ q ∈ HI , we shall find a quaternion l.
In order to simplify following considerations let us set
p = ζ0(1 + iζ), q = η0(1 + iη), l = α0(1 + α), (33)
9
where
ζ = ζ1i+ζ2j+ζ3k, η = η1i+η2j+η3k, α = α1i+α2j+α3k, (αi, ηj, ζk ∈ R),
ζ0 =
1√
1− ζζ , η0 =
1√
1− ηη , α0 =
1√
1 +αα
,
and ζ = (ζ1, ζ2, ζ3), ζζ = (ζ1)2 + (ζ2)2 + (ζ3)2, etc.
Requiring p ⊛ q ∈ HI , we find from (32)
l =
1 + ζ+η
‖1 + ζ+η‖ . (34)
Finallly, using (32) and (34) we obtain
p ⊛ q =
‖1 + ζ+η‖√
(1− ζζ)(1− ηη)
(
1 + i
(ζ + η)(1 + η+ζ)
‖1 + ζ+η‖2
)
, (35)
and obviously p ⊛ q ∈ HI .
It easy to see that the set of unit quaternions HI with the nonassociative
operation (35) is a loop. We call this loopQHI . The loopQHI forms so-called
non-associative quaternionic representation and evidently it is isomorphic to
the loop QH(3), which we define in open ball D3 = {ζ : |ζ| < 1} by
ζ > η = (ζ + η)/(1 + ζ+η), (36)
where ζ = αi + βj + γk ↔ ζ = (α, β, γ) and / denotes the right division.
The associator (see (1)) is given by
l(ζ,η)ξ = (1 + η
+ζ) \ (1 + ζη+)ξ, (37)
where \ is the left division. This expression one can write as
l(ζ,η)ξ =
1 + ζη − |ζ × η|2
1 + ζη + |ζ × η|2 ξ. (38)
In the vector form the operation (36) is written as
ζ > η =
1 + 2ζη + η2
1 + 2ζη + ζ2η2
ζ +
1− ζ2
1 + 2ζη + ζ2η2
η (39)
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Remark 3.1: Using the identity
(ζ + η)(1 + η+ζ) = (1 + ζ+η)(ζ + η),
where ζ = αi+ βj + γk, η = λi+ µj + νk, one can write (36) as
ζ > η = (1 + η+ζ) \ (ζ + η), (40)
Remark 3.2: The loop QH(3) is isomorphic to geodesic loops of three-
dimensional Lobachevskii space realized as the upper part of two-sheeted unit
hyperboloidH3. The isomorphism is established by exponential mapping (see
Eq. (47))
ζ = Expτ =
τ
τ
tanh τ, τ = Exp−1ζ =
ζ
|ζ| tanh
−1 |ζ|,
where we introduced τ ≡ |τ | = tanh−1 |ζ|.
Note also, that in this case it is valid so-called identity of pseudolin-
earity, Sabinin et al (1986), Sabinin and Miheev (1993):
ζ > η = Exp(α(ζ, η)Exp−1ζ + β(ζ, η)Exp−1η), (41)
where
α(ζ, η) =
(
1 + 2ζη + η2
1 + 2ζη + ζ2η2
)( |ζ| tanh−1 |ζ > η|
|ζ > η| tanh−1 |ζ|
)
,
β(ζ, η) =
(
1− ζ2
1 + 2ζη + ζ2η2
)( |η| tanh−1 |ζ > η|
|ζ > η| tanh−1 |η|
)
,
It is easy to verify (see Belousov (1967), Sabinin (1990, 1991), Sabinin
and Miheev (1993) that
ξ > (η > (ξ > ζ)) = (ξ > (η > ξ)) > ζ (left Bol identity), (42)
and
ξ > (η > (η > ξ)) = (ξ > η) > (ξ > η) (left Bruck identity). (43)
Let us consider the infinitesimal theory of the loop QH(3). From (39) we
obtain the left fundamental vector fields of the loop QH(3):
Ai = (1− ζζ) ∂
∂ζ i
. (44)
11
These vector fields obey the commutation relations of quasialgebra
[Ai, Aj] = C
k
ij(ζ)Ak, (45)
where
Ckij(ζ) = 2(δ
k
i ζj − δkj ζi)
are the structure functions and ζ i = ζi. Dual base of 1-forms are determined
by
ωi =
dζ i
1− ζζ . (46)
Now let us find the exponential mapping TeQ
Exp−→ Q by solving the Eq.
(6). Using (44), in normal coordinates τ i = τni (|n| = 1), one can write (6)
as
dϕi
dt
= (1− Σ3j=1ϕjϕj)ni.
The solution of this system is ϕi = ni tanh t. Thus the exponential mapping
is given by
ζ = Expτ =
τ
τ
tanh τ, τ = Exp−1ζ =
ζ
|ζ| tanh
−1 |ζ|, (47)
Let us consider the two-parametric subloop QH(2) ⊂ QH(3) which we
define in the open disk D2 = {ζ : |ζ| < 1} by
ζ > η = (ζ + η)/(1 + ζ+η),
where ζ = αi + βj ⇔ ζ = (α, β). The one of the remarkable peculiaritis
of this loop is that it can realized on the complex numbers. Let C be the
complex plane, and let D2 ⊂ C be the open unit disk, D2 = {ζ ∈ C : |ζ | < 1}.
Inside the disk D2 we define the binary operation
Lζη ≡ ζ > η = ζ + η
1 + ζ∗η
, (48)
where ζ, η ∈ D and ζ∗ is the complex conjugate number (ζ = ζ1+iζ2, ζ∗ =
ζ1 − iζ2).
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The set of complex numbers with the operation > on D2 forms two-sided
loop QH(2), Nesterov and Stepanenko (1986), Nesterov (1989, 1990). The
associator l(ζ,η) = L
−1
ζ>η ◦ Lζ ◦ Lη on QH(2) is determined by
l(ζ,η)ξ =
1 + ηζ∗
1 + η∗ζ
ξ ≡ e−iϕξ, ϕ = 2arg(1 + η∗ζ). (49)
This loop is isomorphic to the geodesic loop of two-dimensional Lobachevskii
space realized as the upper part of two-sheeted unit hyperboloid H2.The iso-
morphism is established by exponential mapping
ζ = eiϕ tanh
θ
2
, (50)
where (θ, ϕ) are inner coordinates of unit H2.
4 Loop of boosts and Thomas precession
The set of matrices
Uθ = cosh (θ/2) + (n · σ) sinh (θ/2), |n| = 1. (51)
determines in the Minkowski space hyperbolic rotations (boosts) (see, e.g.,
Misner et al (1973)) by
X ′ = UXU∗, (52)
where the matrix X is connected with four-vector xµ by
X = x0 + xiσi.
The angle θ is related with the velocity of the reference system by β = tanh θ,
where β = v/c and c is the speed of light. The unit vector n determines the
direction of boost. It is well known that the set of hyperbolic rotations does
not form the group. It forms the loop with the following nonassociative
operation, Nesterov (1989, 1990)
Uθ1 ⊛ Uθ2 = Uθ1Uθ2Λ
−1
(θ1,θ2)
, (53)
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where θ = θn, |n| = 1 and
Uθ1 = cosh(θ1/2) + (n1 · σ) sinh(θ1/2), (54)
Uθ2 = cosh(θ2/2) + (n2 · σ) sinh(θ2/2), (55)
Λ
(θ1,θ2) = cos(α/2) + i(nα · σ) sin(α/2), (56)
cot(α/2) =
n1 · n2 + cot(θ1/2) cot(θ2/2)√
1− (n1 · n2)2
, (57)
nα =
n1 × n2√
1− (n1 · n2)2
, (58)
Now let us consider the quaternionic formulation of boosts. The space-
time points can be represented by quaternions as follows
X = t + i(xi+ yj + zk). (59)
and the Lorentz invariant norm is given by
XX+ = t2 − x2 − y2 − z2. (60)
Then the special Lorentz transformations (boosts), which are determined
by (53), can be represented by the action of the linear quaternions
Q = ζ0(1− iζ), Q ∈ QHI
on the quaternions
X = t− i(xi+ yj + zk),
namely,
X ′ = QXQ+.
The three-parametric loop of boosts is isomorhpic to the loop QHI . This
isomorphism is established by
ζ = n tanh
θ
2
, |n| = 1, (61)
i −→ iσz, j −→ iσy, k −→ iσx, (62)
where σx, σy, σz, are Pauli matrices. Hence, we have
Q −→ U = cosh (θ/2) + (n · σ) sinh (θ/2). (63)
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Setting β = ζ (or β = ζ = n tanh θ
2
, where β is the three-velocity of
the observer, the speed of light c = 1), we obtain from (36) the quaternionic
formula for the addition of relativistic three-velocities
β1 > β2 = (β1 + β2)/(1 + β1
+β2), (64)
or equivalently
β1 > β2 = (1 + β2
+β1) \ (β1 + β2). (65)
Now let us consider the loop QH(2) with nonassociative operation >
(see(48))
Lζη ≡ ζ > η = ζ + η
1 + ζ∗η
. (66)
We assign to each element ζ ∈ QH(2) the matrix Uζ ∈ SU(1, 1):
ζ −→ Uζ =
(
a b
b∗ a
)
, a2 − |b|2 = 1, (67)
where
a =
1√
1− |ζ |2
, b =
ζ√
1− |ζ |2
and define the nonassociative operation ⊛ on the set K of matrices (67) as
Uη ⊛ Uζ = Uη>ζ . (68)
Note, that
Uη>ζ = UηUζΛ
−1(η, ζ), (69)
where
Λ =
(
e−iϕ/2 0
0 eiϕ/2
)
, ϕ = 2arg(1 + η∗ζ). (70)
The set K with the composition law ⊛ forms the so-called the matrix
representation of the loop QH(2).
Let η = ν tanh (θ/2), where |ν| = 1. Then
a =
1√
1− |ζ |2
= cosh (θ/2), b =
ζ√
1− |ζ |2
= ν sinh (θ/2),
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and hence
ζ −→ Uθ = cosh (θ/2) + (ν · σ) sinh (θ/2) = exp(
1
2
θ · σ),
where θ = θν, ν = (ℜν, ℑν) and σi are Pauli matrices .
Let us consider the combination of two boosts in different directions but
with the same angle θ:
η = ν tanh
θ
2
, ζ = (ν + δν) tanh
θ
2
. (71)
Setting ν = exp(iα) one can obtain for the infinitesimal δϕ (see (49), (70))
the following expression:
δϕ = 2
δα tanh2 θ
2
1 + tanh2 θ
2
. (72)
Let δϕ = ωdt, then (72) leads to
ω = 2

α tanh2 θ
2
1 + tanh2 θ
2
. (73)
For the slow motion (θ ≪ 1) one can easy obtain
ω =
1
2
θ2

α=
1
2
av, (74)
where a = v2/r is the acceleration , v being the velocity of the reference
system. In an arbitrary coordinate system (73) takes the following form
ω =
1
2
a× v. (75)
The last one is exactly the expression for Thomas precession (see, e.g. Misner
et al (1973)). We see that associator l(ζ.η) completely determines the Thomas
precession.
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5 Concluding remarks
For the first time the complex model of relativistic addition of velocities was
introduced by Nesterov (Nesterov and Stepanenko (1986), Nesterov (1989,
1990)) and later by Ungar (1991a,b, 1992, 1994)) . The other models of
addition of three-velocities was considered by Sabinin and Miheev (1993).
So-called “gyrogroup”, see Ungar (1991a), is exactly left Bol loop with left
Bruck identity, Sabinin (1995). Some vectorlike properties of the complex
disk, Ungar (1994), are contained in the vector space operations (7). In par-
ticular, Eq.(8.4b) in Ungar (1991a) then expresses obvious properties of the
exponential mapping (50), and some of axioms of gyrogroups are superflu-
ous, Sabinin (1995). The so-called gyrosemidirect product, Ungar (1991a),
proved to be a subcase of the well known semidirect product of a loop by its
transassociant, Sabinin (1972a,b). The fact that several authors independly
rediscovered certain results of the theory of smooth loops in connection with
some physical problems, is remarkable and valuable, showing the vitality and
importance of the smooth loops theory.
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